We have performed three-dimensional simulations of beam dynamics for transverse electromagnetic mode (TEM) type rf deflectors: normal and superconducting. The compact size of these cavities as compared to the conventional TM 110 type structures is more attractive particularly at low frequency. Highly concentrated electromagnetic fields between the parallel bars provide strong electrical stability to the beam for any mechanical disturbance. An array of six 2-cell normal conducting cavities or a single cell superconducting structure is enough to produce the required vertical displacement at the target point. Both the normal and superconducting structures show very small emittance dilution due to the vertical kick of the beam.
I. INTRODUCTION
The Continuous Electron Beam Accelerator Facility (CEBAF) at Jefferson Lab is in the process of an energy upgrade from 6 to 12 GeV; the schematic is shown in Fig. 1 . The 1497 MHz continuous electron beam is composed of three interlaced variable intensity 499 MHz beams that can be independently directed from any of the five distinct passes to any of the three existing experimental halls A, B, and C. Beam extraction in the existing setup is done with a system consisting of ten warm rf separator cavities; a series array of three on the 5th pass is capable of sending highest energy (6 GeV) beams to the three experimental halls simultaneously. The undeflected beam follows a straight path to hall B and is considered reference for measuring deflection/displacement of beams traveling to halls A and C. The 12 GeV option requires ten additional cryomodules and an arc to direct the highest energy (12 GeV) 5 1 2 pass beam to a newly constructed experimental hall D. The existing setup of the deflectors in the 5th pass, however, will not be adequate to extract the 11 GeV beam in the case of the proposed 12 GeV upgrade of the machine. To restore this capability, several options including the extension of existing CEBAF normal conducting (NC) structures or a potential 499 MHz TEM-type superconducting (SC) design [1] are under investigation. The detailed electromagnetic characterizations of the TEM-type superconducting structure have been confirmed by the three-dimensional simulations [1, 2] . Also, the rigorous analysis of the existing CEBAF normal conducting cavity from the rf design viewpoint has been reported in [3, 4] and, more importantly, the device is presently operating. These rf separator cavities (SC/NC) are supposed to provide deflections of $ AE 400 rad for 11 GeV beams traveling to halls A and C in the 12 GeV machine. The rf kick is determined by the requirement to have the beams to halls A and C vertically separated by AE17 mm relative to hall B at the entrance of the existing extraction magnet (Lambertson style) in the beam switch-yard located 43 m downstream from the start of the separator cavity. This work is the continuation of the first study reported in [5] . In this paper, we report the beam dynamics studies for 499 MHz TEM-type rf deflecting cavities (see Figs. 2 and 4) for the 5th pass (11 GeV) beam in the case of 12 GeV upgrade of CEBAF at JLab.
The following are the important issues that need to be addressed in order to conclude that the cavities are suitable. First, ensure that there is no strong nonlinear effect of electromagnetic (EM) fields inside the new superconducting structure disturbing the particle trajectories to the experimental stations. Second, investigate any nonzero residual orbit offset for the reference beam directed to hall B at the final exit of the cavity and explore its consequences. Because all the measurements are relative to hall B beam, any offset in its position will affect the required vertical displacements to the beams directed to halls A and C. Third, the beam stay clear condition imposes a constraint of a 6.5 mm gap from either end of the pipe wall to avoid beam loss on the beam pipe aperture. Fourth, the horizontal and transverse misalignments for an array of normal conducting cavities should not exceed 1 mm. The electromagnetic fields are concentrated within the narrow aperture of the normal conducting cavity. Therefore, a significant misalignment of cavities may lead to insufficient kick, which, in turn, may cause beam loss. Fifth, the projected normalized rms emittance dilution should be less than 1 mm mrad. This limits the beam size under the experimental requirement and avoids unwanted effects. The details of these studies are discussed in the subsequent sections and the organization of the paper is illustrated below.
Section II gives the details of the model with the description of numerical methods used in this study. Section III summarizes the benchmark of the computer programs. In Sec. IV, the physics of nonzero residual orbit offset corresponding to the reference rf phase is discussed. Section V describes the details of superconducting structure, and comprehensive studies of the warm cavity option are explored in Sec. VI. Finally, the concluding remarks of this study are summarized in Sec. VII.
II. MODEL DESCRIPTION
In this section, configurations of the structures and their electromagnetic properties are discussed briefly, followed by the discussions on the particle tracking methods and the computer programs used.
A. Radio-frequency structures
The configurations of the cavities considered in this study are shown in Figs. 2 and 4. The details of these cavities from the electromagnetic design viewpoints are well documented in [2] [3] [4] , however, we will discuss briefly for the sake of completeness. The superconducting structure consists of a beam pipe, passing between the two perpendicular =2 parallel rods as shown in Fig. 2 . The rods are oriented along the y direction (shown vertical) and separated along the x direction with a beam pipe extended along the z direction. In the deflecting mode of operation, the two rods resonate in opposite phase ( mode). This sets up a strong transverse electromagnetic field (TEM) field between the rods-see Fig. 3 .
There are eight rods (each =4 long) in a single unit (2-cell) of normal conducting structure, in which a pair of rods is separated vertically along the x direction and placed longitudinally along the z direction (i.e. the beam line)-see Fig. 4 . The parallel rods effectively reduce the transverse dimension and confine the EM fields into the central region (see Fig. 5 ) of the cavity [3] . Two rectangular openings at the midplate provide EM coupling between the two halves. This full-wave structure reduces the power requirement by 50% as compared to a half-wave structure for the same deflection [6] . A capacitive tuner has been mounted in order to tune the cavity at the correct frequency, which is shown by yellow flat strip in Fig. 4 . This consists of a copper flap, grounded to the wall of the cavity on one end and bent to the close proximity of the rods. A comparison of the basic properties of superconducting (see Fig. 2 ) and normal conducting (see Fig. 4 ) cavities are summarized in Table I .
B. Numerical scheme for particle tracking
To assure the correctness of the simulations, the beam dynamics studies have been carried out numerically by three different packages-general particle tracer (GPT) [7] , G4BEAMLINE [8] , and CST PARTICLE TRACKING SIMULATOR [9] . The GPT and G4BEAMLINE require field maps for tracking particles, which is obtained from the eigenmode solver of CST MICROWAVE STUDIO. GPT is a well established three-dimensional time domain computer program for studying particle dynamics in EM fields. The tracking algorithm is based on the fifth order Runge-Kutta method with adaptive step size and takes into account the space charge physics and other nonlinearities. G4BEAMLINE is a reliable and robust computer program based on GEANT4 [10] . GEANT4 tracks a particle by integrating the equations of motion in an electromagnetic field using 4th-order Runge-Kutta integrator with variable step size; multiple scattering and ionization energy loss are applied to each step. The physics step is limited by the shortest interaction length of all physics processes configured for the particle being tracked; whichever process limited the step is then invoked at the end of step. There are multiple integration steps within a physics step based on the curvature of the track. In the latest development, G4BEAMLINE includes multiple particle tracking in time and space charge physics. Moreover, it provides visualization of the simulated objects and tool for graphics. On the other hand, the particle tracking simulator of CST MICROWAVE STUDIO is a new development, however, provides much flexibility for studying beam dynamics of a complex object. The tracking algorithm is based on the integration of the equations of motion in an electromagnetic field using a leapfrog method (centered difference) with dynamic time-step size of integration.
C. Determination of operating rf phase
To determine the operating phase numerically, we compute the deflection at the exit of the cavity for one complete rf cycle rf ¼ 0 to 360 as shown in Fig. 6 . As the cavity is half-wave long, we expect the deflection following cosine function. The first zero crossing at rf ¼ 90 corresponds to the zero deflection and is defined as the reference phase ref . As the hall B beam is undeflected (directed straight), this reference phase is the representative of the beam going to hall B, i.e. B ¼ ref . Therefore, the corresponding phases of the beam directed to halls A and C (see Fig. 1 ) are given by A;C ¼ B AE 120 . This phase convention will be used throughout this study unless stated explicitly.
III. BENCHMARK OF SIMULATION
Before starting the detailed simulations of the actual problem, it is always advisable to verify the correctness of the computer programs used. For this purpose, we track an 11 GeV electron on axis of the superconducting structure as shown in Fig. 2 and compare the results obtained from CST PARTICLE TRACKER, GPT, and G4BEAMLINE computer programs. Figure 7 shows vertical deflection (p x =p z ) of the particle corresponding to the three different phases A , B , and C as discussed earlier. The corresponding displacements of the particle are shown in Fig. 8 . The following points are important to note. First, the results obtained from the CST PARTICLE TRACKER, GPT, and G4BEAMLINE simulation programs show excellent agreement. Second, the deflection of the beam directed to hall B is zero and constant to halls A and C after leaving the cavity (z ¼ 60 cm). Third, simulations show nonzero residual orbit offset ($ 47 m) corresponding to the undeflected beam ( ¼ B , see Fig. 8 ).
IV. NONZERO RESIDUAL ORBIT OFFSET FOR REFERENCE RF PHASE
In the previous section, we have seen a nonzero residual orbit offset corresponding to the reference rf phase B (see Fig. 8 ). This effect is physical and arises due to the finite transit time of beam through a thick rf deflector. It is therefore important to understand the mechanism so that the effect could be manipulated if required. Let us consider a simple case of an ideal cylindrically symmetric pillbox cavity without beam pipe which can be solved analytically. We consider the particle dynamics corresponding to the reference rf phase. The deflecting angle and the vertical displacement at the exit of a thick (L) cavity can be expressed as [11] 
where q e ð¼1:6Â10 À19 CÞ, V def ð$5:06MVÞ, E b ð¼11 GeVÞ, ð¼ 2= $ 10:45 m À1 Þ, x 0 ð¼ 0Þ, x 0 0 ð¼ 0Þ, x f , and x 0 f are the electronic charge, rf deflecting voltage, beam energy, wave number, initial position, initial angle, final position, and final angle, respectively. Note that the reference phase in the above equations (1) and (2) For quantitative understanding, we have compared the superconducting structure (see Fig. 2 ) with the full-wave 3D analysis of a pillbox with beam pipe and the idealized pillbox cavity without beam pipe operating at 499 MHz. The major difference between the pillbox cavity and the superconducting structure are the EM modes of operation, which are the TM 110 and the TEM, respectively. In other words, the deflection in the case of the pillbox cavity is mainly contributed by the magnetic field, however, the electric field plays an important role in the case of the superconducting structure. This exercise is aimed to quantify the difference between the realistic and the idealized structures operating in different EM modes. This study can be significantly important in precision measurements of the order of few 100 microns. The tracking studies of an 11 GeV electron near to the axis of the cavities at ¼ 0 FIG. 7. Vertical deflection of an 11 GeV electron for rf phases A , B , and C of the superconducting cavity (see Fig. 2 ). Simulation results are compared using CST PARTICLE TRACKER, GPT, and G4BEAMLINE computer codes. have been performed. The deflection and the displacement observed while propagating inside the cavities are compared and illustrated in Fig. 9 . The legends showing ''SC,'' ''3D Pillbox,'' and ''Ideal Pillbox'' correspond to the superconducting structure, full-wave 3D analysis of pillbox with beam pipe, and an ideal pillbox cavity without beam pipe, respectively. The deflection at the exit of the cavity is perfectly zero for all three cases, which is consistent with the derivation shown in (1). The vertical displacements $47:3 m for (SC), 50 m (3D pillbox), and 44 m (ideal pillbox) showing nonzero residual orbit offset. For an ideal pillbox, the numerical value of 44 m agrees very well with the expected offset of 43:97 m, however, the full-wave simulations are within (7-13)%. The higher values in the case of full-wave threedimensional simulations are due to the real field distributions including edge effects.
V. BEAM STUDIES FOR SUPERCONDUCTING STRUCTURE
In this section, we discuss the beam dynamics of the superconducting structure.
A. Displacement and deflection at the Lambertson magnet
The requirement is to produce a vertical displacement of 17 mm for beams to halls A and C at a distance of 43 m where the Lambertson magnet is located. This criterion has been set by the location of the aperture of the Lambertson magnet. Figures 10 and 11 show the evolution of vertical displacement and deflection 43 m downstream of the cavity where the extraction magnet is located. The nature of deflecting angle (see Fig. 11 ) at the exit of the cavity is consistent with the earlier observation in Fig. 7 . However, the residual nonzero orbit offset and other nonlinearities (asymmetries in tracks) observed in close proximity to the cavity become relatively unimportant in the far field ($ 43 m downstream). This is because these effects are significantly small as compared to the vertical displacement of 17 mm observed at the entrance of the extraction magnet. So, the nonzero residual orbit offset is not an issue in this type of cavity in this application. We see three distinct orbits corresponding to the three different rf phases A;B;C for beams directed to the experimental stations A, B, and C, respectively. This confirms that the nonlinear effects due to the 3D EM fields inside the cavity are too weak to affect the beam dynamics.
B. Beam emittance
In previous sections, we have performed the single particle tracking to establish the understanding of deflection and displacement due to a deflecting cavity. In this section we will study the effect resulting in the propagation of a bunch of particles. We start our simulation by considering the uniform distribution of electrons in a bunch with total number of particles N p ¼ 1000, total charge Q tot ¼ 1 pC, beam energy E b ¼ 11 GeV, bunch radius r b ¼ 100 m, and bunch length l b ¼ 100 m. Figure 12 shows the evolution of normalized projected emittance along the z direction of beam propagation. We observe the projected emittance growth primarily along the x direction which is due to the dominant deflecting force, however, the other components are significantly small. Also, we observe that the projected emittance of the undeflected beam is twice as much as the deflected one. This is because the slope of the deflecting voltage at B is double to that of A;C . The following analytical derivation has been made for the consistency of the numerical result.
The transverse force along the x direction on a relativistic particle moving along the z direction in an electromagnetic field is defined as dp
where V def is the net deflecting voltage. We can rewrite the above equation by considering the rf phase as follows:
where the wave number ¼ 
where r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ðx 2 þ y 2 Þ p and in polar coordinate x ¼ r cos, y ¼ r sin. Now hxi and hx 2 i are computed as
For a bunch uniform in the longitudinal direction with bunch length l b , the normalized projected rms emittance is to be defined as [12] 
Since hxp x i ¼ 0, the above equation reduces to
By substituting the values of hxi and hp 2 x i, we obtain
The above equation (12) establishes the relationship of the normalized projected emittance increase with the beam parameters, rf frequency, and the deflecting voltage.
Substituting the values of the bunch parameters and deflecting voltage V def ¼ 5:06 MV, we get the normalized projected x emittance corresponding to the undeflected beam ( ¼ B ), x;n rms ¼ 0:15 mm mrad which is exactly the simulated value of 0.15 mm mrad. However, the normalized projected emittance of the deflected beams ( ¼ A;C ) is half to that of the undeflected one due to half in the value of the slope of deflecting voltage.
Effect of bunch length and radius
From Eq. (12), we expect a linear dependence of projected emittance increase on the bunch length and radius. The effects are indeed confirmed by the simulationsshown in Figs. 13 and 14. 
VI. NORMAL CONDUCTING CAVITY
In earlier sections, we have studied the beam dynamics of the superconducting structure. The superconducting cavity has advantages because of higher gradient in a compact size system, however, the cryogenics and the power consumption issues cannot be ignored. The CEBAF normal conducting deflecting cavities in its current setup are performing well. It is therefore important to understand the physical properties of the normal conducting structure from the beam dynamics viewpoint. Because the normal conducting cavities are operated at lower field gradient, we need more than one cavity to achieve the required displacement (17 mm) at the Lambertson magnet. Figure 15 shows the series arrangement of eight 2-cell cavities; each unit (2-cell) is a full wavelength () long and the drift space between the two consecutive units is gap ¼ 130:06 mm. The center-to-center distance of 731.26 mm between two unit cells results in the time delay of Át ¼ 2:44 ns, which corresponds to the phase delay of !Át ¼ 437:88
. The total distance of eight unit cells is 5.72 m. It is important to take the proper phase delay into account to enhance the kick from each unit cell.
The tracking of an 11 GeV electron through the cavities is shown in Figs. 16 and 17. Figure 16 shows the vertical deflection experienced by the electron. As expected the deflection from each cavity (53 rad) gets added up resulting in the final deflection of 424 rad at the exit of the final cavity. The corresponding deflecting voltage used is 673.2 kV. The vertical displacement is illustrated in Fig. 17 , which is about 1.2 mm on one side of the pipe wall at the final exit of the cavity. This is 200 m higher than the tolerance. However, an array of six 2-cell cavities provide a vertical displacement of 800 m on one side of the pipe wall, which very well satisfies the beam clear requirement. This is very important from the beam dynamics viewpoint and provides an alternative option of the superconducting structure.
A. Cavity misalignment
The normal conducting cavity in its current design has a beam pipe diameter of 15 mm. It is therefore possible that the misalignment of the cavities due to mechanical vibration may result in the disruption of beam. In order to understand the effect, we have performed beam dynamics studies for different random displacements of the cavities transversely. This means that the cavities are completely misaligned. In this simulation, we have studied the worst case by considering the misalignment far off the requirement. This misalignment is good enough to take into account the angular tilt of the cavities as well. Figure 18 shows the vertical displacement of an 11 GeV electron for the transverse shift of cavities by 3 and 5 mm and its comparison with perfectly aligned cavities shown by the legend ''0 mm''. We see that the tracks for ''3 mm'' and ''5 mm'' misalignments are exactly the same as the perfect alignment. These simulations suggest that the particles experience the same vertical kick in the misaligned and the perfectly aligned conditions. This is because the strength of EM fields distributed over the cross section occupying between the rods is fairly constant. In brief, we conclude that the cavities are insensitive to the transverse misalignments within the aperture of the beam pipe. We have also studied the horizontal tolerance by displacing the cavities randomly along the beam line by 1 to 3 mm. It is noticed that the vertical displacement at the exit of the final cavity is almost constant confirming the tolerance of horizontal misalignment for the given engineering requirement.
B. Beam projected emittance for multiple cavities
In this section we compare the effect of bunch radius on beam projected emittance between aligned and misaligned cavities. Figure 19 shows the evolution of the transverse projected emittance for different bunch radius and its comparison between aligned and misaligned arrangements. For the sake of completeness, the comparison is made for the undeflected and the deflected beams. As expected, we observe the linear behavior and the graphs involving aligned and misaligned cavities are superimposed. This study confirms the reliability of normal conducting cavity arrangement against the misalignment much beyond the specified tolerance level. Moreover, the projected normalized rms emittance dilution is 0.158 mm mrad to that of 0.15 mm mrad of superconducting structurealmost the same. In brief, we can conclude that both the normal and superconducting structures are equally good in EM properties and beam dynamics.
VII. CONCLUSION
In this paper, we report the beam dynamics studies for TEM-type rf separators in order to separate a 1497 MHz 11 GeV beam into three 499 MHz variable intensity beams for the purpose of delivering to three experimental stations simultaneously. Three-dimensional tracking studies of novel superconducting and an array of existing CEBAF normal conducting rf separators have been performed. We have examined the performance of these structures (NC and SC) in order to verify the specific requirements confirming their suitability. The nonlinear effect of EM fields inside the cavities affect the dynamics of the particle's trajectory only within the cavity and their immediate vicinities, however, the effect becomes unimportant in the region of our interest. Moreover, the finite thickness of these cavities results in the finite transit time, which in turn causes nonzero residual orbit offset to the reference beam directed to hall B. This effect is shown to be unimportant for the application of our interest. Furthermore, the horizontal and vertical misalignments in the series arrangement of normal conducting structures are very well tolerable against mechanical vibrations due to strong concentration of EM fields between the rods. The beam clear condition is very well satisfied by the superconducting structure due to the large size of beam pipe aperture, which in the case of NC cavity is fulfilled by a series combinations of six 2-cell structures. Nevertheless, the emittance dilution as a result of beam deflection justifies the specification. In brief, we conclude that the overall performance of both the NC and the SC cavities are satisfactory.
